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RIGIDITY CONJECTURES
ALESSANDRO VIGNATI
Abstract. We prove several rigidity results for corona C∗-algebras and Cˇech-
Stone remainders under the assumption of Forcing Axioms. In particular, we
prove that a strong version of Todorcˇevic´’s OCA and Martin’s Axiom at level
ℵ1 imply: (i) that if X and Y are locally compact second countable topological
spaces, then all homeomorphisms between βX \ X and βY \ Y are induced
by homeomorphisms between cocompact subspaces of X and Y ; (ii) that all
automorphisms of the corona algebra of a separable C∗-algebra are trivial in
the sense of Coskey and Farah; (iii) that if A is a unital separable infinite-
dimensional C∗-algebra, the corona algebra of A⊗K(H) does not embed into
the Calkin algebra. All these results do not hold under the Continuum Hy-
pothesis.
1. Introduction
This paper is squarely placed in the interface between set theory and operator
algebras. It focuses on the study of continuous quotient structures and their au-
tomorphism’s groups and on how set theory has an influence on such groups. By
providing rigidity results in presence of Forcing Axioms, we verify two conjectures
of Coskey and Farah ([5]) and Farah and Shelah ([14]) which received substantial
attention in the last decade by the work of Farah, Shelah, McKenney, Ghasemi,
Coskey, and the author (see [11, §7.1] for a thoughtful discussion).
The first applications of set theory to automorphisms groups of C∗-algebras were
studied to answer a question of Brown, Douglas, and Fillmore, who in [3] asked
whether there can exist an outer automorphism of the Calkin algebraQ(H). (Q(H)
is the quotient of B(H), the algebra of bounded operators on a separable Hilbert
space H , by its ideal of compact operators K(H).) Their main question, whether or
not there might exist a K-theory reverting automorphism of Q(H)1, has yet to be
given a full answer, but it was shown that the existence of an outer automorphism
depends on the set theoretical axioms in play. In [29] Phillips and Weaver showed
that outer automorphisms exist if one assumes the Continuum Hypothesis (CH),
while Farah in [10] proved that under the assumption of the Open Colouring Axiom
(OCA) all automorphisms of Q(H) are inner.
This intuition was later generalized to the setting of more general corona C∗-
algebras. If A is a nonunital C∗-algebra one constructs the multiplier algebra of
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A, M(A) and its corona algebra Q(A) = M(A)/A.2 As it is easy to construct in
ZFC separable algebras whose coronas have outer automorphisms (any outer au-
tomorphism of O2 induces an outer automorphism of Q(c0(O2))), a general notion
of rigidity suitable to all coronas of separable C∗-algebras has to be looser than
‘being inner’. An isomorphism Λ: Q(A) → Q(B) between coronas of separable
C∗-algebras is said trivial if its graph
ΓΛ = {(a, b) ∈ M(A)×M(B) : Λ(πA(a)) = πB(b)}
is Borel in strict topology when restricted to pairs of contractions, πA and πB
being the canonical quotient maps from the multiplier algebras to the coronas.
The following natural conjecture appeared in [5]. (PFA is Shelah’s Proper Forcing
Axiom, a higher analogue of Baire’s category theorem, see [28]. The axiom OCA
used by Farah in [10] is one of its consequences).
Conjecture 1. Let A and B be a separable nonunital C∗-algebras. Then
• CH implies that if Q(A) and Q(B) are isomorphic, then there are nontrivial
isomorphisms between Q(A) and Q(B);
• PFA implies that if Λ is an isomorphism between Q(A) and Q(B), then Λ
is trivial.
The conjecture was confirmed for larger and larger classes of algebras ([5, 15,
25, 27]), see [36, p. 21] for a complete list of the results obtained so far. We
confirm one side of the conjecture by assuming the axioms OCA∞ and MAℵ1 , both
consequences of PFA.
Theorem A. Assume OCA∞ +MAℵ1 and let A and B be separable C
∗-algebras.
All isomorphisms between Q(A) and Q(B) are trivial.
Commutative corona C∗-algebras are given by continuous functions on Cˇech-
Stone remainders. If A = C0(X) for a locally compact space X , then M(A) =
Cb(X) = C(βX) and Q(A) = C(X∗) where X∗ = βX \ X . (βX is the Cˇech-
Stone compactification of X). By Gelfand’s duality, automorphisms of abelian
coronas correspond to homeomorphisms of Cˇech-Stone remainders. A homeomor-
phism Φ: X∗ → Y ∗ is said trivial if there are compact sets KX ⊆ X and KY ⊆ Y
and a homeomorphism φ : X \KX → Y \KY such that βφ = Φ on X∗.3 In case
X = N, trivial homeomorphisms of N∗ correspond to almost permutations of N.
This was the first case for which the existence of nontrivial homeomorphisms was in-
vestigated: Rudin ([30]), while studying the homogeneity properties of N∗, showed
that under CH there are nontrivial homeomorphisms of N∗; on the other hand,
Shelah ([31]) proved that it is consistent with ZFC that all homeomorphisms of N∗
are trivial. More than that, triviality of homeomorphisms of N∗ follows from the
assumption of Forcing Axioms ([32, 35]). The natural question on whether similar
statements hold for more general spaces was formulated by Farah and Shelah [14].
Conjecture 2. Let X and Y be second countable locally compact noncompact
spaces. Then
2If A = K(H) then Q(A) = Q(H).
3If X and Y are second countable and Φ: X∗ → Y ∗ is a trivial homeomorphism then the
induced isomorphism Φ˜: C(Y ∗) → C(X∗) is trivial in the sense of admitting a strictly-strictly
Borel graph.
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• CH implies that if X∗ and Y ∗ are homeomorphic, then there are nontrivial
homeomorphisms between X∗ and Y ∗;
• PFA implies that if Φ is a homeomorphism between X∗ and Y ∗, then φ is
trivial.
Instances of the conjecture were confirmed for zero-dimensional spaces or spaces
admitting a large number of clopen set ([9], [13], [5]), for low-dimensional spaces
([16, 14]) and for manifolds ([37]). (Again, see [36, p. 21] for a complete list of the
results obtained so far). A combination of the techniques used to prove Theorem A
and of strong ‘a la Ulam’ results for abelian C∗-algebras (see Theorem 2.12 below,
which is Theorem 5.1 in [33]) gives the following:
Theorem B. Assume OCA∞+MAℵ1 and let X and Y be second countable locally
compact spaces. All homeomorphisms between X∗ and Y ∗ are trivial.
After having solved the ‘rigidity’ part of Conjectures 1 and 2, we turn to stronger
rigidity results and results about embeddings of coronas. First we consider coronas
of stabilizations of abelian projectionless algebras.
Theorem C. Assume OCA∞ + MAℵ1 and let X and Y be connected compact
metrizable spaces. Then Q(C(X) ⊗ K) is isomorphic to Q(C(Y ) ⊗ K) if and only
if X and Y are homeomorphic.
We then turn to the analysis of mutual embeddings of coronas. In Theorem 4.16
we show that under OCA∞ + MAℵ1 , if A is unital and infinite dimensional then
Q(A⊗K) does not embed into Q(H), and that if A is in addition infinite and B is
unital, separable, and stably finite, then Q(A⊗ K) cannot embed into Q(B ⊗K).
Combining this with [12, Corollary 3.7] we get the following:
Theorem D. The following statements are independent of ZFC:
(i) If A be a unital separable infinite-dimensional C∗-algebra, then Q(A ⊗ K)
and ℓ∞(A)/c0(A) embed in the Calkin algebra.
(ii) If A and B are unital separable C∗-algebras, B is stably finite and A is not,
then Q(A⊗K) embeds into Q(B ⊗K).
Lastly, we analyze the case of mutual embeddings of abelian corona algebras, via
the study of surjections between Cˇech-Stone remainders. Dow and Hart showed in
[6] that if X∗ is a continuous image of N∗ then X must be homeomorphic, modulo
compact, to N. We extend significantly their result by generalizing it to the class
of all locally metrizable spaces, while taking in account the restrictions given by [9,
Example 3.2.1] (see Remark 4.6 for a discussion on this).
Theorem E. Assume OCA∞ + MAℵ1 . Let X and Y be locally compact second
countable topological spaces. Assume that Y ∗ surjects onto X∗. Then there are
Z ⊆ Y and a compactK ⊆ X such that Z is clopen modulo compact and Z surjects
onto X \K.
All our results heavily use the ‘noncommutative OCA lifting’ Theorem 2.10,
which is Theorem 4.5 in [27]. Theorem A is then obtained via a filtration for Q(A)
exploited in §3, a nontrivial generalization of the construction in [27, §7]. This
filtration is not needed if one wants only to prove Theorems B–E.
The paper is structured as follows: in §2 we introduce the main concepts involved.
In §3 first we do some heavy lifting, and we use it to prove Theorem A. In §4 we
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use the work in §3 to prove Theorem 4.3, and then we show how to obtain all our
other results as consequences. §5 contains some concluding remarks.
The author would like to thank Ilijas Farah and Paul McKenney for helpful
remarks.
2. Preliminaries
We work in the interface between set theory and C∗-algebras. For a good intro-
duction of these topics, see [23] and [2]. Definitions of the main objects in use are
given below.
2.1. Set theory. If X is a set, [X ]2 is the set of unordered pairs of elements of
X . Subsets of [X ]2 are identified with symmetric subsets of X 2 \∆X , thus giving
meaning to the phrase ‘an open subset of [X ]2’. The following axiom was introduced
in [8]4, where it was also proved that it is relatively consistent with ZFC.
OCA∞. Let X be a metric space and let (Kn0 )n be a sequence of open subsets of
[X ]2 with Kn+10 ⊆ Kn0 for all n ∈ N. One of the following applies.
1. There is a sequence (Xn)n of subsets of X such that X =
⋃
n Xn and [Xn]2 ∩
Kn0 = ∅ for every n ∈ N, or
2. there is an uncountable Z ⊆ 2N and a continuous bijection f : Z → X such
that for all x 6= y ∈ Z we have
{f(x), f(y)} ∈ K∆(x,y)0 ,
where ∆(x, y) = min {n | x(n) 6= y(n)}.
The Open Coloring Axiom, OCA (also known as Todorcˇevic’s Axiom), is the
statement OCA∞ when K
n
0 = K
n+1
0 for all n ∈ N. (Conjecturally, they could be
equivalent.)
To state Martin’s Axiom we need some forcing terminology.
Definition 2.1. Two elements p and q of a partial order (P,≤) are compatible
if there exists r ∈ P such that r ≤ p and r ≤ q, and incompatible otherwise. A
partial order (P,≤) is said to have the countable chain condition (ccc) if there is
no uncountable set of pairwise incompatible elements in P. A set D ⊆ P is dense if
∀p ∈ P∃q ∈ D with q ≤ p. A subset G of P is a filter if it is upward closed and for
any p, q ∈ G, there is some r ∈ G such that r ≤ p and r ≤ q.
The following is Martin’s Axiom at the cardinal κ.
MAκ. For every poset (P,≤) that has the ccc, and every family of dense subsets
D = {Dα ⊆ P : α < κ}, there is a filter G ⊆ P such that G ∩ Dα 6= ∅ for every
α < κ.
MAℵ0 is a theorem of ZFC, as is the negation of MA2ℵ0 .
Both OCA∞ and MAℵ1 , are consequences of Shelah’s Proper Forcing Axiom,
PFA ([31]). Unlike PFA, their relative consistency with ZFC does not require any
large cardinal assumptions (see [8] and [23]). Each of these axioms contradicts
the Continuum Hypothesis (CH asserts that c, the cardinality of the reals, equals
the first uncountable cardinal ℵ1). We will use Martin’s Axiom only to access
Theorem 2.10, while OCA∞ is used heavily in the proofs of Theorems A and 4.3.
4The name OCA∞ was used for a weaker axiom in [8]. What is presently known as OCA∞ is
the dichotomy between (a) and (b’) on [8, p. 4].
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2.2. C∗-algebras and their multipliers and coronas. IfA ⊆ B are C∗-algebras,
A is an essential ideal of B if A is a ∗-closed ideal, and bA = Ab = 0 implies b = 0
whenever b ∈ B. The multiplier algebra of A,M(A), is the largest unital C∗-algebra
in which A is an essential ideal. It corresponds to the Cˇech-Stone compactification
of a locally compact space: if A = C0(X), thenM(A) = Cb(X) = C(βX). Q(A) =
M(A)/A is the corona of A and πA : M(A)→ Q(A) is the canonical quotient map.
If A is σ-unital and nonunital, then both M(A) and Q(A) are nonseparable in
the norm topology. There is a second topology, which is Polish on bounded sets of
M(A), in which we are interested in: the strict topology is the topology generated
by the seminorms
la(x) = ‖ax‖ , ra(x) = ‖xa‖ , a ∈ A.
Definition 2.2. LetA andB be separable C∗-algebras. An isomorphism Λ: Q(A)→
Q(B) is said trivial if its graph
Γ(Λ) = {(a, b) ∈ M(A)×M(B) : ‖a‖ , ‖b‖ ≤ 1, Λ(πA(a)) = πB(b)}
is Borel in the product of the strict topologies.
Note that since the unit balls of M(A) and M(B) are Polish spaces there can
be only c Borel subsets of the unit ball ofM(A)×M(B), therefore there exist only
c trivial isomorphisms.
In the commutative setting we are able to provide a stronger notion of triviality.
Mimicking the definition of triviality for homeomorphisms of N∗ (where trivial
homeomorphisms come from almost permutations of N), if X and Y are locally
compact second countable topological spaces, with X∗ = βX \ X , we say that a
homeomorphism Φ: X∗ → Y ∗ is trivial if there are compact sets KX ⊆ X and
KY ⊆ Y and a homeomorphism φ : X \ KX → Y \ KY such that βφ ↾ X∗ = Φ.
Trivial homeomorphisms of X∗ induce trivial (in the sense above) automorphisms
of C(X∗) can be seen by noting that C0(X) is Borel in C(βX) (in strict topology),
and using the continuity (outside a compact subset of X) of βφ.
2.3. Asymptotically additive and skeletal maps.
Definition 2.3. Let En, n ∈ N be Banach spaces and let A be a separable C∗-
algebra. Fix {en}, an approximate identity of positive contractions for A with the
property that en+1en = en for all n. A map α :
∏
En → M(A) is asymptotically
additive if there are sequences jn < kn and
αn : En → (ekn − ejn)A(ekn − ejn)
such that αn(0) = 0, jn →∞ as n→∞, and for all a = (an) ∈
∏
En the sequence
of partial sums (
∑
n≤m αn(an))m converges in strict topology to α(a), that is
α(a) =
∑
αn(an).
When writing α =
∑
αn :
∏
En →M(A) we always mean that α is an asymp-
totically additive map with αn : En → A. We are interested in particularly well-
behaved asymptotically additive maps: the ones determined by their values on a
product of finite sets.
Definition 2.4. Let {En} be finite-dimensional Banach spaces. We say that Y¯ =
(Yn, <n) is a dense system for {En}, if
• Yn is a 2−n-dense subset of the unit ball of En, and 0 ∈ Yn and
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• Yn is linearly ordered by <n, and 0 is the <n-minimal element.
If En is a sequence of finite-dimensional Banach spaces with dense system (Yn, <n),
the map ρEn,Yn : En → En is the Borel map defined as
• ρEn,Yn(x) = x if x ∈ Yn,
• if x /∈ Yn is a contraction, ρEn,Yn(x) is the <n-minimal element of Yn which
is 2−n-close to x,
• if ‖x‖ > 1, then ρEn,Yn(x) = ‖x‖ ρEn,Yn(x/ ‖x‖).
Let ρE¯,Y¯ =
∏
ρEn,Yn :
∏
En →
∏
En.
Definition 2.5. Let A be a separable C∗-algebra, {en} be an approximate identity
of positive contractions for A with e − n+ 1en = en for all n. Let {En} be finite-
dimensional Banach spaces and let Y¯ = (Yn, <n) be a dense system for {En}. A
map αn : En → A is said skeletal w.r.t. Yn if
αn(x) = αn ◦ ρEn,Yn(x), ∀x ∈ En, ‖x‖ ≤ 1.
If α =
∑
αn :
∏
En → M(A) is asymptotically additive and each αn is skeletal
w.r.t. Yn we say that α is skeletal w.r.t. Y¯ .
We work with skeletal maps with different domains. This justifies the following.
Definition 2.6. Let {En,m} be finite-dimensional Banach spaces. We say that
Y¯ = (Yn,m, <n,m) is a dense system for {En,m} if
• Yn,m is a 2−n-dense subset of the unit ball of En,m, with 0 ∈ Yn,m;
• Yn,m is linearly ordered by <n,m, and 0 is the <n,m-minimal element.
A map γ :
∏
n,mEn,m →M(A) is skeletal w.r.t. Y¯ if there is g ∈ NN such that
• γ is completely determined by its values on ∏n En,g(n), that is γ(y) = γ(x)
whenever xn,g(n) = yn,g(n) for all n.
• The map α : ∏En,g(n) →M(A) defined as
α(x) = γ(y) where yn,g(n) = xn
is skeletal w.r.t. (Yn,g(n)).
Proposition 2.7. Let {En,m} be finite dimensional Banach spaces and let Y¯ =
(Yn,m, <n,m) be a dense system for {En,m}. Let A be a separable C∗-algebra. Then
there is a Polish topology on the set of all maps α :
∏
n,mEn,m →M(A) which are
skeletal w.r.t. Y¯ .
Proof. Let g ∈ NN, and let α = ∑αn : ∏En,g(n) →M(A) with αn : En,g(n) → A
be witnessing that α is skeletal w.r.t. Y¯ . Note that αn is only determined by its
values on the finite set Yn,g(n). Such values lie in A, so we can identify α as an
element of the space
∏
(Yn,m ×A) with the product topology, which is Polish. 
The reason we need to work with skeletal maps instead of just asymptotically
additive ones resides in that the set of all asymptotically additive maps cannot be
given a suitable separable topology. In particular cases, when passing to quotients,
is enough to consider skeletal maps. The proof of the following is obvious.
Proposition 2.8. Let {En} be finite dimensional Banach spaces and let Y¯ =
(Yn, <n) be a dense system for {En}. Suppose that α =
∑
αn :
∏
En → M(A)
is an asymptotically additive map. Suppose that πA(α(x)) = πA(α(y)) whenever
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πE(x) = πE(y), where πE :
∏
En →
∏
En/
⊕
En is the canonical quotient map.
Define βn = αn ◦ ρEn,Yn and β =
∑
βn. Then
πA(α(x)) = πA(β(x)), x ∈ (
∏
En), ‖x‖ ≤ 1,
and β is skeletal w.r.t. Y¯ .
If En are Banach spaces and S ⊆ N, we denote by E[S] ⊆
∏
En the subspace of
elements with support in S (i.e., x ∈ E[S] only when n /∈ S ⇒ xn = 0). With this
notation,
∏
En = E[N]. If x ∈ E[N], let x ↾ S ∈ E[S] be defined as
x ↾ S =
{
xn n ∈ S
0 n /∈ S.
Definition 2.9. A function φ :
∏
En/
⊕
En → Q(A) is said to preserve the coor-
dinate algebra if the are positive contractions pS ∈ M(A), for S ⊆ N, such that
• for all S ⊆ N and x ∈ E[N],
πA(pS)φ(πE(x)) = πA(pS)φ(πE(x ↾ S)) = φ(πE(x ↾ S))
= φ(πE(x ↾ S))πA(pS) = φ(πE(x))πA(pS),
• if S is finite, πA(pS) = 0,
• for S, T ⊆ N are disjoint, πA(pS∪T ) = πA(pT ) + πA(pS) and
• if S ∩ T is finite then πA(pS)πA(pT ) = 0.
Let φ :
∏
En/
⊕
En → M(A)/A be a map and let Z ⊆ E[N]. Suppose that
Φ: E[N]→M(A) is such that the following diagram∏
En M(A)
∏
En/
⊕
En Q(A)
Φ
πE πA
φ
commutes on Z. We say that Φ is a lift of φ on Z. If I ⊆ P(N) is an ideal5 and
for all S ∈ I , Φ is a lift of φ on E[S], we say that Φ is a lift of φ on I .
The following is a noncommutative version of the “OCA lifting theorem” ([9,
Theorem 3.3.5]). It also appeared in a weaker version (involving the existence of
an approximate identity of projections) in [36, §5]. It was proved as [27, Theorem
4.5].
Theorem 2.10. Assume OCA∞ and MAℵ1 , let {En} be finite dimensional Banach
spaces and let Y¯ be a dense system for {En}. Let A be a separable C∗-algebra. If
φ :
∏
En/
⊕
En → Q(A)
is a linear bounded map which preserves the coordinate algebra, then there are a
nonmeager dense ideal I ⊆ P(N) and a skeletal (w.r.t. Y¯ ) map
α :
∏
En →M(A)
such that α is a lift of φ on I .
5I ⊆ P(N) is an ideal if it is closed under finite unions and subsets. I is dense if contains all
finite sets and for all infinite S ⊆ N there is an infinite T ⊆ S with T ∈ I .
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2.4. Approximate maps. Let A and B be Banach spaces, let ǫ > 0, and let
φ : A→ B be a contractive map. We say that φ is ǫ-linear if
sup
a,b∈A1
‖φ(a+ b)− φ(a)− φ(b)‖ < ǫ,
and ǫ-injective if
sup
a∈A1
| ‖a‖ − ‖φ(a)‖ | < ǫ.
If A and B are C∗-algebras, we define similarly the notions of ǫ-multiplicative and
ǫ-∗-preserving maps. An ǫ-linear ǫ-∗-preserving and ǫ-multiplicative map φ : A→ B
is an ǫ-∗-homomorphism. The notions of ǫ-∗-monomorphism and ǫ-∗-isomorphism
are defined similarly.
The study of approximate ∗-homomorphisms is motivated largely by perturba-
tion theory and the study of isomorphisms of reduced products (algebras of the
form
∏
An/
⊕
An). For more information, see [27, §2] or [26]. We will need the
following, which is Proposition 5.1.5 in [36].
Proposition 2.11. Suppose that En are metric spaces, A is a C
∗-algebra and
φ :
∏
En/
⊕
En → Q(A) is a function such that there is an asymptotically additive
Φ =
∑
φn :
∏
En →M(A) such that
• φnφm = 0 if n 6= m and
• for every x ∈ ∏En there is a dense ideal I = Ix such that πA(Φ(x ↾ S)) =
φ(πE(x ↾ S)) for all S ∈ I .
Then
• if φ is linear (injective) for all ǫ > 0 there is n0 such that φn is ǫ-linear
(injective) whenever n ≥ n0;
• if in addition every En is a ∗-algebra and φ is ∗-preserving (multiplicative)
then for all ǫ > 0 there is n0 such that φn is ǫ-
∗-preserving (multiplicative)
whenever n ≥ n0;
Proof. We prove only the first statement and leave the rest to the reader. Suppose
that there is ǫ > 0 and an infinite sequence nk such that no φnk is an ǫ-linear map.
Then there are contractions xk, yk ∈ Enk such that
‖φnk(xk + yk)− φnk(xk)− φnk(yk)‖ > ǫ.
Let x = (xk) and y = (yk). By density of Ix ∩ Iy ∩ Ix+y we can assume that
{nk} ∈ Ix ∩Iy ∩Ix+y. Then
0 = ‖Φ(πE(x+ y))− Φ(πE(x)) − Φ(πE(y))‖
= lim sup
k
‖φnk(xk + yk)− φnk(xk)− φnk(yk)‖ ≥ ǫ,
a contradiction. 
In certain cases approximate maps can be perturbed to actual morphisms uni-
formly over the class of objects one considers. This phaenomenon is known as Ulam
stability. It holds for finite-dimensional algebras ([26]) and, if the range is abelian,
commutative algebras.
Theorem 2.12. [33, Theorem 5.1] There is ǫ0 > 0 such that whenever A and B
are abelian C∗-algebras, ǫ < ǫ0 and φ : A→ B is an ǫ-∗-homomorphism then there
is a ∗-homomorphism ψ : A→ B with ‖ψ(a)− φ(a)‖ < 10√ǫ ‖a‖ for all a ∈ A.
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3. Filtrations of coronas and liftings
We fix separable nonunital C∗-algebrasA andB and a ∗-homomorphism Λ: Q(A)→
Q(B). πA : M(A) → Q(A) and πB : M(B) → Q(B). If S ⊆ N, χS ∈ ℓ∞ is the
projection corresponding to the characteristic function of S and χ˙S is its image in
ℓ∞/c0.
In §3.1 we study general properties of Λ setting the stage for the proofs of
Theorems B, D, C and E that will be carried on in §4. In §3.2 we prove Theorem A.
We assume OCA∞ +MAℵ1 everywhere.
3.1. Structure of ∗-homomorphisms between coronas. Fix {e˜n} be an ap-
proximate identity of positive contractions for A with the following properties:
• e˜n+1e˜n = e˜n for all n;
• if I ⊆ N is a finite interval then there is a positive contraction hI ≤
(e˜max I+1− e˜min I−2) ∈ A such that hI(e˜max I− e˜min I−1) = (e˜max I− e˜min I−1)
and hIhJ = 0 whenever max I + 1 < min J .
Such an approximate identity can be obtained from an approximate identity of
positive contractions with ˜˜en+1 ˜˜en = ˜˜en, by letting e˜n = ˜˜e3n and hI = ˜˜e3max I+1 −
˜˜e3(min I−1)−1. We also fix {eBn }, an approximate identity of contractions for B such
that eBn+1e
B
n = e
B
n .
Let ρ˜1, ρ˜2 : ℓ∞/c0 → Q(B) be given by
ρ˜1(χ˙S) = Λ(πA(
∑
n∈S(e˜2n+1 − e˜2n))),
ρ˜2(χ˙S) = Λ(πA(
∑
n∈S(e˜2n − e˜2n−1))).
Lemma 3.1. ρ˜1 and ρ˜2 preserve the coordinate algebra.
Proof. Let qS be positive contractions such that πB(qS) = Λ(πA(
∑
n∈S h{2n+1})).
Then {qS : S ⊆ N} satisfies Definition 2.9 for ρ˜1. The case of ρ˜2 is analogous. 
By Theorem 2.10 and thanks to OCA∞ + MAℵ1 , there are ρ1 =
∑
ρ1,n, ρ2 =∑
ρ2,n : ℓ∞ →M(B) asymptotically additive (w.r.t. the approximate identity eBn )
maps lifting ρ˜1 and ρ˜2 on nonmeager dense ideals I1 and I2. Let ρ : ℓ∞ →M(B)
be defined as ρ =
∑
ρ′n where ρ
′
2n = ρ2,n and ρ
′
2n+1 = ρ1,n. Since ρ1 and ρ2 are
asymptotically additive, so is ρ. Let
pn = ρ
′
n(χ{n})
and
Iρ = {S ⊆ N : S ∩ {2n} ∈ I2 and S ∩ {2n+ 1} ∈ I1}.
Iρ is a nonmeager dense ideal and if S ∈ Iρ, then
Λ(πA(
∑
n∈S
(e˜n − e˜n−1))) = πB(
∑
n∈S
pn).
Lemma 3.2. There is an increasing sequence {Mn} such that if Mn ≤ ℓ1 ≤Mn+1
and Mm ≤ ℓ2 ≤Mm+1 for |n−m| ≥ 2 then pℓ1pℓ2 = 0.
Proof. First note that, by definition of ρ, for every n there are jn < kn such that
pn ∈ (eBkn − eBjn)B(eBkn − eBjn), where jn → ∞ as n → ∞. We define the sequence
Mn inductively. Let M0 = 0; if Mn has been defined let
Mn+1 = min{i′ > Mn : ∀i ≥ i′(ji > max{kℓ : ℓ ≤Mn})}.
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As jn → ∞ as n → ∞ the sequence {Mn} is well defined. Suppose that Mn ≤
ℓ1 < Mn+1 < Mm ≤ ℓ2. Then jℓ1 < kℓ1 < jℓ2 < kℓ2 by the choice of Mn+2, and
therefore
pℓ1pℓ2 ∈ (eBkℓ1 − e
B
jℓ1
)B(eBkℓ1
− eBjℓ1 )(e
B
kℓ2
− eBjℓ2 )B(e
B
kℓ1
− eBjℓ1 ) = 0.

From now on we will use the following notation:
Notation 3.3. • en = e˜Mn , e−1 = 0.
• if I ⊆ N is finite, define fI = emax I − emin I−1 and AI = fIAfI . If I = [n,m]
for n > 0, let I+ = [n− 1,m+ 1].
• if I ⊆ N is an interval, let rI =
∑
k∈[Mmin I−1,Mmax I+1)
pk.
• if G = ⋃ In where each In is finite and max In + 2 < min In+1, let rG =∑
rIn . The ideal Iρ is fixed as before Lemma 3.2.
• P is the set of all partition of N into consecutive finite intervals I = 〈In : n ∈
N〉 with |In| ≥ 3 for all n. We order P by
I ≤1 J ⇐⇒ ∃n0∀n ≥ n0∃m(In ∪ In+1 ⊆ Jm ∪ Jm+1).
• If I = 〈In : n ∈ N〉 ∈ P, let
Ien = I2n ∪ I2n+1, Ion = I2n+1 ∪ I2n+2
and
Ie = 〈Ien : n ∈ N〉 and Io = 〈Ion : n ∈ N〉.
(Here the letters e and o refer to even and odd partitions).
Proposition 3.4. Using Notation 3.3 we have:
1. I+ ∩ J+ = ∅ implies AIAJ = 0 whenever I, J ⊆ N
2. if x ∈ AI then xfI+ = fI+x = x
3. if {In} is a sequence of finite intervals with max In + 2 < min In+1, x ∈∏
AIn , and
⋃
n[Mmin In−1,Mmax In+1] ∈ Iρ then r⋃ InΛ(πA(x)) = Λ(πA(x)).
4. For every x ∈ M(A) there is I ∈ P, xe ∈
∏
AIen and xo ∈
∏
AIon such that
x− xe − xo ∈ A.
Proof. (1) and (2) follow from the definition. For (3), since
H =
⋃
n
[Mmin In − 1,Mmax In + 1] ∈ Iρ
then
πB(r⋃ In) = πB(
∑
n
rIn) = πB(
∑
k∈H
pk) = Λ(πA(y))
where y =
∑
k∈H(e˜k − e˜k−1). Since yx = x the thesis follows. (4) is [27, Lemma
2.6] (see also [7, Theorem 3.1], [10, Lemma 1.2]). 
Fix finite sets of contractions Fn ⊆ A with the following properties:
• Fn ⊆ Fn+1 for all n, and 0 ∈ F0,
• ⋃Fn is dense in the unit ball of A, and
• each Fn is linearly ordered by <n, where 0 is the <n-minimal element.
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Denote by E(Fn) the finite-dimensional Banach subspace of A generated by Fn,
and let
Un,m = {x : ∃y ∈ Fm, ‖x− y‖ ≤ 2−n}.
Note that Un,m ⊆ Un,m′ if m ≤ m′. Let φn,m : Un,m → E(Fm) be obtained by
sending x to <m-minimum element of Fm minimizing ‖x− y‖, and let ψn : E(Fn)→
A be the inclusion map.
(Let En,m = E(Fm). Fix Y¯ = (Yn,m, <n,m) a dense system for {En,m} as in
Definition 2.6. From now on, we will refer to skeletal maps w.r.t. this fixed dense
system Y¯ , and omit the reference to Y¯ .)
If g ∈ NN↑, I ∈ P, i ∈ {e, o} and j ∈ {0, 1}, define
B(g, I, i, j) =
∏
(Un,g(n) ∩ AIi2n+j ).
Note that B(g, I, i, j) ∩ A =⊕(Un,g(n) ∩ AIi2n+j ). Let
Φi,jg,I :
∏
B(g, I, i, j)→
∏
En,g(n)
be defined as
Φi,jg,I(x) =
∏
φn,g(n)(x),
and let
Ψi,jg,I : En,g(n) →
∏
A(Ii2n+j)+
be defined as
Ψi,jg,I((xn)n) = (f(Ii2n+j)+ψg(n)(xn)f(Ii2n+j)+)n.
The map Ψi,jg,I is linear and contractive, and it induces a well defined map
Ψ˜i,jg,I :
∏
En,g(n)/
⊕
En,g(n) →
∏
A(Ii2n+j)+/
⊕
A(Ii2n+j)+ .
We should note that it is not necessary to appeal to P when considering abelian C∗-
algebras, and that the use of the index j is redundant in case A has an approximate
identity of projections.
We leave the proof of the following to the reader.
Proposition 3.5. For every g ∈ NN, I ∈ P, i ∈ {e, o} and j ∈ {0, 1}:
1. each Φi,jg,I ◦Ψi,jg,I is strict-strict-Borel
2. if x, y ∈ B(g, I, i, j) are such that x− y ∈ A then
Φi,jg,I(x) − Φi,jg,I(y) ∈
⊕
En,g(n).
In particular Φi,jg,I[B(g, I, i, j)∩A] ⊆
⊕
En,g(n), so Φ
i,j
g,I induces a well defined
map
Φ˜i,jg,I : B(g, I, i, j)/B(g, I, i, j) ∩ A→
∏
En,g(n)/
⊕
En,g(n);
3. the map Ψ˜i,jg,I preserves the coordinate function (as in Definition 2.9);
4. For all x ∈ B(g, I, i, j), we have that
Ψi,jg,I ◦ Φi,jg,I(x)− x ∈ A.
The following is an extension of Proposition 3.4(4).
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Proposition 3.6. Let x ∈ M(A). Then there are I ∈ P, g ∈ NN↑ and xi,j ∈
B(g, I, i, j), for i ∈ {e, o} and j ∈ {0, 1}, such that
x−
∑
i,j
Ψi,jg,I ◦ Φi,jg,I(xi,j) ∈ A.
If x is a contraction, so is each xi,j .
Proof. By Proposition 3.4(4), is enough to show that x = (xn) ∈
∏
AIi2n+j then
there is g such that xn ∈ Un,g(n) for all n. Since
⋃
Fn is dense in A, for all n we can
find g(n) and y ∈ Fg(n) such that ‖xn − y‖ < 2−n, so xn ∈ Un,g(n). In particular∏
AIi2n+j =
⋃
g
B(g, I, i, j). 
If I ∈ P and g ∈ NN↑, for i ∈ {e, o} and j ∈ {0, 1}, define
Λi,jg,I = Λ ◦ Ψ˜i,jg,I :
∏
En,g(n)/
⊕
En,g(n) → Q(B).
Each Λi,jg,I preserves the coordinate function (for S ⊆ N, let qS ∈ M(B) be any
positive contradiction lifting Λ(πA(
∑
n∈S f(Ii2n+j)++)). Since |In| ≥ 3, {qS : S ⊆ N}
satisfies Definition 2.9). By Theorem 2.10, there is a skeletal map α = α(I, g, i, j)
with α :
∏
En,g(n) →M(B) and a nonmeager dense ideal I = Iα,g,I,i,j such that
α is a lift of Λi,jg,I on elements with support in I . Note that if x = (xn) ∈ B(g, I, i, j)
with supp(x) ∈ I then
πB(α(Φ
i,j
g,I(x))) = Λ
i,j
g,I(Φ˜
i,j
g,I(πA(x))) = Λ(Ψ˜
i,j
g,I(Φ˜
i,j
g,I(πA(x)))) = Λ(πA(x)).
If α = α(I, g, i, j) is as above and F ⊆ N, let αF =
∑
n∈F αn.
Lemma 3.7. Let g ∈ NN, I ∈ P, i ∈ {e, o} and j ∈ {0, 1}. Suppose that
α :
∏
En,g(n) → M(B) is an asymptotically additive lift of Λi,jg,I on elements with
support in a nonmeager dense ideal I . Then for every ǫ > 0 there is n0 ∈ N such
that, if F ⊆ N is finite with minF > n0 then∥∥∥r⋃
n∈F I
i
2n+j
αF (Φ
i,j
g,I(x)) − αF (Φi,jg,I(x))
∥∥∥ < ǫ
and ∥∥∥αF (Φi,jg,I(x))r⋃n∈F Ii2n+j − αF (Φi,jg,I(x))
∥∥∥ < ǫ
for all x ∈∏n∈F (Un,g(n) ∩ AIi2n+j ).
Proof. Let Φ = Φi,jg,I and Jn = I
i
2n+j . Suppose towards a contradiction that there
are finite sets Fk with maxFk < minFk+1 and xk ∈
∏
Fk
(Un,g(n) ∩ AJn) with∥∥∥r⋃
Fk
JnαFk(Φ(xk))− αFk(Φ(xk))
∥∥∥ > ǫ
for all k. Without loss of generality since both Iρ and I are nonmeager and dense
we can assume that
⋃
Fk ∈ I and
⋃
k[MminJminFk−1,MmaxJmaxFk+1] ∈ Iρ. By
passing to a subsequence, since the support of each αFk(Φ(xk)) and r
⋃
Fk
Jn is finite,
we can assume that
αFk(Φ(xk))αF ′k (Φ(xk′ )) = αFk(Φ(xk))r
⋃
F
k′
Jn = r
⋃
Fk
Jnr
⋃
F
k′
Jn = 0,
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for k 6= k′. Let G = ⋃Fk, H = ⋃k⋃Fk Jn and x = (xk) ∈ B(g, I, i, j), where
suppx ∈ ⋃Fk. Then∥∥∥πB(αG(Φj2n+j(x)) − rHαG(Φj2n+j(x)))∥∥∥ > ǫ.
By Proposition 3.4(3), this contradicts our choice of G, H , I , and Iρ, by Propo-
sition 3.4(3). 
Proposition 3.8. Let g ∈ NN, I ∈ P, i ∈ {e, o} and j ∈ {0, 1}. Suppose that
α :
∏
En,g(n) → M(B) is an asymptotically additive lift of Λi,jg,I on elements with
support in a nonmeager dense ideal I and let
α′n = rIi2n+jαnrIi2n+j , α
′ =
∑
α′n.
Then α′ is a lift of Λi,jg,I on elements of the form Φ
i,j
g,I(x) for x ∈ B(g, I, i, j) and
such that the support of x is in I .
Moreover if α is skeletal, so is α′.
Proof. Let Φ = Φi,jg,I and Jn = I
i
2n+j . Note since |In| ≥ 3, rJnrJm = 0 whenever
n 6= m, and therefore α′ is well defined and asymptotically additive. Moreover if
each αn is completely determined by finitely many values, so is α
′
n, hence if α is
skeletal, so is α′.
Suppose that x ∈ B(g, I, i, j) is such that ‖πB(α(Φ(x)) − α′(Φ(x)))‖ > ǫ. Then
there are finite intervals Fk ⊆ N with minFk →∞ such that∥∥αFk(Φ(x)) − α′Fk(Φ(x))∥∥ > ǫ > 0
for all k ∈ N. By passing to a subsequence we can assume that maxFk < minFk+1
By Lemma 3.7, we can assume that
(⋆)
∥∥∥αGk(Φ(x)) − r⋃Gk JnαGk(Φ(x))r⋃Gk Jn
∥∥∥ < ǫ2/1000
for all k and Gk ⊆ Fk. With
yk = r⋃
Fk
JnαFk(Φ(x))r
⋃
Fk
Jn −
∑
n∈Fk
rJnαn(Φ(x))rJn ,
we have therefore that ‖yk‖ > ǫ/2 for all k ∈ N. Since
yk =
∑
n<m∈Fk
rJnαFk(Φ(x))rJm+
∑
n>m∈Fk
rJnαFk(Φ(x))rJm+
∑
n∈Fk
rJnαFk\n(Φ(x))rJn .
Suppose that zk =
∑
n<m∈Fk
rJnαFk(Φ(x))rJm is such that ‖zk‖ > ǫ/10. Since
rJnrJm = 0 for all n,m ∈ Fk and k ∈ N, we have that
‖zkz∗k‖ =
∥∥∥∥∥
∑
n
rJnαFk(Φ(x))(
∑
m>n
r2Jm)αFk(Φ(x))rJn
∥∥∥∥∥ > ǫ2/100
Since all the summands are orthogonal to each other,
‖zkz∗k‖ = max
n
∥∥∥∥∥rJnαFk(Φ(x))(
∑
m>n
r2Jm)αFk(Φ(x))rJn
∥∥∥∥∥ > ǫ2/100
Pick n¯ such that
∥∥rJn¯αFk(Φ(x))(∑m>n¯ r2Jm)αFk(Φ(x))rJn¯∥∥ > ǫ2/100. By (⋆) we
have that
‖αn¯(Φ(x)) − αn¯(Φ(x))rJn¯‖ < ǫ2/1000
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and ∥∥∥αFk\n¯(Φ(x)) − r⋃Fk\n¯ JmαFk\n¯(Φ(x))
∥∥∥ < ǫ2/1000.
The fact that αFk(Φ(x)) = αFk\n¯(Φ(x)) + αn¯(Φ(x)) and the triangular inequality
lead to a contradiction. The same arguments shows that∥∥∥∥∥
∑
n>m∈Fk
rJnαFk(Φ(x))rJm
∥∥∥∥∥ ,
∥∥∥∥∥
∑
n∈Fk
rJnαFk\n(Φ(x))rJn
∥∥∥∥∥ < ǫ/10,
giving therefore ‖yk‖ < ǫ/2, a contradiction. 
Suppose that g ∈ NN and I ∈ P. By Theorem 2.10 and Propositions 3.8, there
are maps αi,j and nonmeager dense ideals Ii,j , for i ∈ {e, o} and j ∈ {0, 1}, such
that αi,j :
∏
En,g(n) →M(B) is a skeletal lift of Λ on elements of Φi,jg,I(B(g, I, i, j))
whose support is in Ii,j where the range of each αi,jn is included in rIi2n+jBrIi2n+j .
Suppose that x ∈ B(g, I, e, 0) ∩B(g, I, e, 1). Then we can modify αo,0 so that
αo,0(Φo,0g,I (x)) = α
e,0(Φe,0g,I (x)).
Since the finite intersection of finitely many dense nonmeager ideals is still a dense
and nonmeager ideal, this can be done pointwise on every x, and we would still
have that αo,0 is a skeletal lift of Λ on elements in Φo,0g,I (B(g, I, o, 0)) whose support
is in a dense and nonmeager ideal. By doing so for every pair i, j we can assume
that
(⋆⋆) x ∈ B(g, I, i, j) ∩B(g, I, i′, j′)⇒ αi,j(Φi,jg,I(x)) = αi
′,j′ (Φi
′,j′
g,I (x))
Let X = {(g, I, α¯)} where
• g ∈ NN↑, I ∈ P and, α¯ = (αi,j)i∈{e,o},j∈{0,1},
• αi,j : ∏En,g(n) →M(B) is a skeletal map,
• αi,j is a lift of Λ on elements of Φi,jg,I(B(g, I, i, j)) whose support is a non-
meager dense ideal Ig,I,α,i,j , where the range of each αi,jn is included in
rIi2n+jBrI2n+ji , and
• αi,j respect (⋆⋆).
For all g ∈ NN↑ and I ∈ P there is α¯ = (αi,j)i,j such that (g, I, α¯) ∈ X . By
Proposition 2.7 X has a natural Polish topology.
Lemma 3.9. Let (g, I, α¯), (g′, J, β¯) ∈ X . Then for all ǫ > 0 there is n > 0 such
that for all m > 0 such that if x ∈ A[n,m] ∩ B(g, I, i, j) ∩ B(g′, J, i′, j′) for some
i, i′ ∈ {e, o} and j, j′ ∈ {0, 1} then∥∥∥αi,j(Φi,jg,I(x))− βi′,j′(Φi′,j′g′,J (x))∥∥∥ < ǫ.
Proof. By contradiction, suppose that there are (g, I, α¯), (g′, J, β¯), ǫ > 0, sequences
nk < mk, and contractions xk ∈ A[nk,mk] leading to a contradiction where nk →∞.
By going to a subsequence we can assume that nk < mk < nk+1 for all k, and, by
nonmeagerness of Ig,I,α,i,j ∩Ig′,J,β,i,j, that
⋃
[nk,mk] ∈ Ig,I,α,i,j ∩Ig′,J,β,i,j. Let
x =
∑
xk. Since xkxk′ = 0, x is a contraction. Then x ∈ B(g, I, i, j)∩B(g′, J, i′, j′),
but ∥∥∥πB(αi,j(Φi,jg,I(x)) − βi′,j′(Φi′,j′g′,J (x)))∥∥∥ ≥ ǫ,
a contradiction to (g, I, α¯), (g′, J, β¯) ∈ X and the choice of Ig,I,α,i,j and Ig′,J,β,i,j.

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Let [X ]2 = Ln0 ⊔ Ln1 where
{(g, I, α¯), (g′, J, β¯)} ∈ Ln0
if and only if there are m ∈ N, i, i′ ∈ {e, o}, j, j′ ∈ {0, 1} and a positive contraction
x ∈ emAem ∩B(g, I, i, j) ∩B(g, J, i′, j′)
with ∥∥∥αi,j(Φi,jg,I(x)) − βi′,j′ (Φi′,j′g′,J (x))∥∥∥ > 2−n.
Each Ln0 is open in the Polish topology of [X ]2 given by Proposition 2.7. Recall
that the order <1 on P was defined by
I <1 J ⇐⇒ ∃n0∀n ≥ n0∃m(In ∪ In+1 ⊆ Jm ∪ Jm+1).
Lemma 3.10. If b > ω1 then for all n there is no uncountable L
n
0 -homogeneous
set.
Proof. We argue by contradiction and suppose that there is Z ⊆ X such that
|Z| = ω1 and Z is Ln0 -homogeneous for some n ∈ N. Let
Z ′ = {g : ∃I, α¯((g, I, α¯) ∈ Z)}.
Set ǫ = 2−n. Since b > ω1 we can find gˆ and Iˆ such that if (g, I, α¯) ∈ Z then I <1 Iˆ
and g ≤∗ gˆ. By the definition of ≤∗ and ≤1, we can refine Z to an uncountable
subset of it (which we will call Z to avoid redundant notation) such that there is
n0 so that whenever (g, I, α¯) ∈ Z then if n ≥ n0 then g(n) < gˆ(n) and there is m
(depending on I) such that In ∪ In+1 ⊆ Iˆm ∪ Iˆm+1.
Using Theorem 2.10 and Propositions 3.8 and 3.12, fix ˆ¯β such that (gˆ, Iˆ, ˆ¯β) ∈ X .
By Lemma 3.9, for all (g, I, α¯) ∈ Z there is ng ≥ n0 such that whenever m > ng,
i ∈ {e, o}, j ∈ {0, 1} and a contraction x ∈ A[ng ,m] ∩ B(g, I, i, j) ∩ B(g, Iˆ, i′, j′) for
some i, i′ ∈ {e, o} and j, j′ ∈ {0, 1} then∥∥∥αi,j(Φi,jg,I(x)) − βˆi′,j′(Φi′,j′gˆ,ˆI (x))
∥∥∥ < ǫ
4
.(1)
Again refining Z to an uncountable subset of it, we can assume that n1 = ng = ng′
for all g, g′ ∈ Z ′, and, by a further refinement, that for all n ≤ 4n1 + 8 and
(g, I, α¯), (g′, J, β¯) ∈ Z we have that g(n) = g′(n) and In = Jn. Since Ii2n+j = J i2n+j
whenever n ≤ n1 and the spaces of all skeletal maps γ :
∏
n≤2n1
En,g(n) → A is
separable, we can assume that∥∥αi,jn − βi,jn ∥∥ < ǫ2 .(2)
for all i, j, whenever (g, I, α¯), (g′, J, β¯) ∈ Z. This is our final refinement. Let m =
max I2n1+2 for some (any) I such that (g, I, α¯) ∈ Z. Suppose that (g, I, α¯), (g′, J, β¯) ∈
Z and let i, i′, j, j′ and x be witnessing that {(g, I, α¯), (g′, J, β¯)} ∈ Ln0 . Fix k, k′ with
x ∈ A[k,k′]. Then
• if k′ ≤ m, then x ∈ ∏n≤n1 AIi2n+j ∩∏n≤n1 AJi′2n+j′ . If i = i′ and j = j′, since
Φi,jg,I(x) = Φ
i,j
g′,J(x) and
∥∥∥αi,j[0,n1] − βi,j[0,n1]
∥∥∥ < ǫ/2, we have a contradiction. In
case i 6= i′ (or j 6= j′), the contradiction follows from (⋆⋆).
• if k ≥ n1, the contradiction comes from the triangle inequality and (1);
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• if k < n1 < m < k′ then since n1 < max In1 < max I2n1 < m and x ∈∏
AIi2n+j there is k
′′ such that k < n1 < k
′′ < m < k′ and contractions
x1 ∈
∏
AIi2n+j ∩A[k,k′′ ], x2 ∈
∏
AIi2n+j ∩A[k′′,k′] such that x = x1+x2. The
first two observations and the triangle inequality lead to a contradiction.

The nonexistence of uncountable L0n-homogeneous sets in X has several conse-
quences: we will use it to obtain all our main results.
3.2. The proof of Theorem A. In this subsection Λ is assumed to be an isomor-
phism. First, we need a technical lemma.
Lemma 3.11. Let In ⊆ N be finite intervals such that max In + 2 < min In+1,
and let a ∈ M(A) and b ∈ ∏AIn be positive contractions. If there is a nonmeager
dense ideal I such that πA(abS) = πA(bS) for all S ∈ I , then πA(ab) = πA(b).
Similarly, if πA(abS) = 0 for all S ∈ I , then πA(ab) = 0.
Proof. Suppose not and let ǫ > 0 such that ‖πA(ab− b)‖ > ǫ. Let Jn = [min In −
1,min In+1 − 1]. We can then find intervals Kn such that each Ji is a subset of Kn
for some n, and there is an infinite set {ni} with
∥∥fKni (ab− b)fKni∥∥ > ǫ/2. By
going to a subsequence we can assume that ni+1 < ni+1. By nonmeagerness of I
we can find an infinite set L such that L′ =
⋃
i∈L{k : Jk ⊆ Kni} ∈ I . Then, since
πA(abL′ − bL′) = 0, we have that for all i ∈ L,
∥∥fKni (ab − b)fKni∥∥ < ǫ/4, since
lim
i∈L
∥∥fKni (ab− b)fKni∥∥ ≤ ∥∥(ab{k : Jk⊆Ki} − b{k : Jk⊆Ki})fKni∥∥ = 0.
This is a contradiction.
For the second statement, note that if πA(abS) = 0, then πA((1−a)bS) = πA(bS)
for all S ∈ I . Hence πA((1 − a)b) = πA(b), and therefore πA(−ab) = 0. 
Proposition 3.12. Let I ∈ P, g ∈ NN and i ∈ {e, o}, j ∈ {0, 1}. Suppose that α =∑
n αn :
∏
En,g(n) → M(B) is an asymptotically additive lift of Λi,jg,I on elements
with support in a nonmeager dense ideal I , and that the range of each αn is
included in rIi2n+jBrIi2n+j . If x ∈ B(g, I, i, j) is positive then
πB(α(Φ
i,j
g,I(x))) = Λ(πA(x)).
Proof. To simplify the notation, let Φ = Φi,jg,I, Ψ = Ψ
i,j
g,I and Jn = I
i
2n+j . For
S ⊆ N, let qS = r⋃
n∈S Jn
and note that the map S 7→ qS is a continuous map
P(N)→M(B) when P(N) is endowed with the Cantor topology andM(B) has the
strict topology. Note moreover that for all x ∈ B(g, I, i, j) we have that qSα(Φ(x)) =
α(Φ(xS)) and qSα(Φ(xT )) ∈ A if S ∩ T is finite.
Let x ∈ B(g, I, i, j) be positive, and
Ix = {S ⊆ N : qS(α(Φ(x)) − F (x)) ∈ B}.
Since qS ∈ A when S is finite, Fin ⊆ Ix.
Let J be the ideal of all T ⊆ N such that T = ⋃Tn where each Tn is an interval
and
⋃
n[MminJminTn−1,MmaxJmaxTn+1) ∈ Iρ. J is a nonmeager dense ideal, and
so is I1 = I ∩J .
Claim 3.13. If S ∈ I1. Then
1. qSα(Φ(x)) − α(Φ(xS)) ∈ B, and
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2. qSF (x)− F (xS) ∈ B.
Proof. The first statement is obvious by our choice of qS and α. For the second one,
fix S ∈ I1. Note that πB(qSF (x)) = πB(qSF (xS) + qSF (xN\S)). By our choice of
I1, we have that qSF (xS) = qSα(Φ(xS)) = α(Φ(xS)) = F (xS), so we are left to
prove that πB(qSF (xN\S)) = 0.
Pick pS such that Λ
−1(πB(qS)) = πA(pS). Note that, by our choice of I1,
whenever T ⊆ N \ S with T ∈ I1 we have that πA(pSxT ) = 0. By applying
Lemma 3.11, since I1∩P(N\S) is nonmeager and dense in P(N\S), we have that
πA(pSxN\S) = 0, hence Λ(πA(pSxN\S)) = πB(qSF (xN\S)) = 0 as required. 
Since S ∈ I1 implies that α(Φ(xS)) − F (xS) ∈ B, by the claim we have that
Ix ⊇ I1. Since the latter is nonmeager, so is Ix. Since α(Φ(x)) and F (x) are
fixed, the map S 7→ qS is continuous, and B is strictly Borel inM(B), we have that
Ix is Borel. Since the only Borel nonmeager ideal containing all finite sets is P(N)
([34, 19]), Ix = P(N), in particular qN(α(Φ(x)) − F (x)) ∈ B. By construction of
qN, we have that qNα(Φ(x)) = α(Φ(x)). Applying again Lemma 3.11 to pN and x,
we have that πA(pNxS)) = πA(xS)) for all S ∈ I1, and therefore πA(pNx) = πA(x),
meaning qNF (x)− F (x) ∈ B. This concludes the proof. 
Since OCA∞ implies that b = ω2, again by OCA∞ and the thesis of Lemma 3.10,
we can find sets Xn such that X =
⋃Xn and each Xn is Ln1 -homogeneous. More
than that, as ≤∗ × ≤1 is a σ-directed partial order on NN↑ × P, using a standard
argument (see, for example, [9, Lemma 2.2.2]) we can find sets Dk ⊆ Yk ⊆ X and
an increasing sequence nk such that
• Yk+1 ⊆ Yk,
• Dk is countable and dense in Yk, and
• Yk is Lk1-homogeneous and the set
{(g, I) | ∃α¯((g, I, α¯) ∈ Yk)}
is ≤nk × ≤1-cofinal in NN × P.
Lemma 3.14. Let i ∈ {e, o} and j ∈ {0, 1}. Let x ∈ M(A) be a contraction, and
suppose that there is a sequence 〈(gl, Il, α¯l)〉 ⊆ Dk for some k ∈ N, and an increasing
sequence of natural numbers Nl > max(Il)4l+4 with the following properties:
1. eNlxeNl ∈ B(gl, Il, i, j) and
2. if l < l′ and max(Il)n ≤ Nl then (Il)n = (Il′ )n and gl(n) = gl′(n).
Then∥∥∥πB(∑(αi,jn )n(Φi,jgn,In(f((In)i2n+j)+xf((In)i2n+j)+))) − Λ(πA(x))
∥∥∥ < 5 · 2−k.
Proof. Let yn = (f((In)i2n+j)+xf((In)i2n+j)+) and Jn = (In)n. Since (In)n = (In+1)n,
we have min(In+1)n+1 = max(In)n+1, hence 〈Jn : n ∈ N〉 ∈ P. Since x ∈
∏
A
J
j
2n+i
,
there is h ∈ NN such that x ∈ B(h, J, i, j). By ≤∗ × ≤1-cofinality of Yk there are
gˆ ≥∗ h, Iˆ ≥1 J and β¯ such that (gˆ, Iˆ, β¯) ∈ Yk. If h(n)  gˆ(n), or there is no m such
that Jn ∪ Jn+1 ⊆ Iˆm ∪ Iˆm+1, set yn = 0. Note that this happens only on finitely
many indexes. For i′ ∈ {e, o} and j ∈ {0, 1}, let Zi′,j′ = {n : yn ∈ B(gˆ, Iˆ, i′, j′)}.
Then
⋃
i′,j′ Zi′,j′ = N. Let Z
′
e,0 = Ze,0 and
Z ′e,1 = Ze,1 \ Ze,0, Z ′o,0 = Zo,0 \ (Ze,0 ∪ Ze,1), Z ′o,1 = Zo,1 \ (Ze,0 ∪ Ze,1 ∪ Zo,0).
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Let yi′,j′ =
∑
n∈Z′
i′,j′
yn. By definition we have that
πB(β
i′,j′(Φi
′,j′
gˆ,ˆI
(yi′,j′ ))) = Λ(πA(yi′,j′ ))
for all i′ ∈ {e, o}, j′ ∈ {0, 1}, and πA(x) = πA(
∑
i′,j′ yi′,j′ ). Fix n and suppose that
n ∈ Z ′i′,j′ . Let m such that yn ∈ Um,gˆ(m) ∩AJi′
2m+j′
. Since {(gn, In, α¯n), (gˆ, Iˆ , β¯)} ∈
Yk and Yk is Lk1-homogeneous, we have that∥∥∥(αi,jn )n(Φi,jgn,In(yn))− (βi′,j′)m(Φi′,j′gˆ,ˆI (yn))
∥∥∥ < 2−k
hence ∥∥∥∥∥∥∥πB(
∑
n∈Z′
i′,j′
(αi,jn )n(Φ
i,j
gn,In
(yn))− βi′,j′ (Φi
′,j′
gˆ,ˆI
(yi′,j′)))
∥∥∥∥∥∥∥ =∥∥∥∥∥∥∥πB(
∑
n∈Z′
i′,j′
(αi,jn )n(Φ
i,j
gn,In
(yn)))− Λ(πA(yi′,j′))
∥∥∥∥∥∥∥ ≤ 2
−k.
Since N = ⊔Z ′i′,j′ and πA(x) = πA(
∑
i′,j′ yi′,j′) we have the thesis. 
Recall that
ΓΛ = {(a, b) ∈M(A)×M(B) : ‖a‖ , ‖b‖ ≤ 1, Λ(πA(a)) = πB(b).}.
is the graph of Λ.
Theorem 3.15. Let (x, y) ∈M(A)×M(B) be a pair of contractions. The following
are equivalent:
1. (x, y) ∈ ΓΛ
2. For every k ∈ N there are contractions xi,j ∈ M(A) and yi,j ∈ M(B), for
i ∈ {e, o} and j ∈ {0, 1}, ∑i,j πA(xi,j) = x and ∑i,j πB(yi,j) = πB(y) and
there are sequences 〈(gl, Il, α¯l)〉 ⊆ Dk and N i,jl with N i,jl ≥ max(Il)4l+4 and
satisfying
(i) e
N
i,j
l
xi,jeNi,j
l
∈ B(gl, Il, i, j)
(ii) if l < l′ and max(Il)n ≤ maxi,j N i,jl then (Il)n = (Il′)n and gl(n) =
gl′(n) and
(iii) ∥∥∥∑(αl)l(Φi,jfl(l)(f(Ii2l+j)+xi,jf(Ii2l+j)+)))− yi,j
∥∥∥ < 20 · 2−k
3. For all contractions xi,j ∈ M(A) and yi,j ∈ M(B), for i ∈ {e, o} and
j ∈ {0, 1}, if πA(x) =
∑
i,j πA(xi,j) and for every k ∈ N there are se-
quences 〈(gl, Il, α¯l)〉 ⊆ Dk and N i,jl satisfying (i), (ii) and (iii), then πB(y) =∑
i,j πB(yi,j).
Proof. We first prove that 1implies 2. By ≤∗ × ≤1 cofinality of Yk there are
g ∈ NN, I ∈ P and α¯ and xi,j , for i ∈ {e, o}, j ∈ {0, 1} such that xi,j ∈ B(g, I, i, j),
x =
∑
xi,j and (g, I, α¯) ∈ Yk.
Let yi,j = α
i,j(Φi,jg,I(xi,j)). Since (g, I, α¯) ∈ X and xi,j ∈ B(g, I, i, j) we have that∑
i,j πB(yi,j) =
∑
i,j Λ(πA(xi,j)) = Λ(πA(x)).
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LetN i,jl = max I
i
4l+j . By density ofDk there are gl ∈ NN, Il ∈ P and α¯l such that
for all l, gl(n) = g(n) and (Il)n = In whenever n ≤ maxi,j N i,jl , and (gl, Il, α¯l) ∈ Dk.
Note that for all i, j we have that conditions 1 and 2 of Lemma 3.14 are satisfied
for xi,j , and so are (i) and (ii). Applying Lemma 3.14, we have condition (iii).
Assume now 2. Then conditions (i)–(iii) imply that ‖Λ(πA(xi,j))− πB(yi,j)‖ ≤
20ǫk, therefore 1 follows. For this reason, we also have that 1 implies 3. Similarly
pick contractions x ∈ M(A) and y ∈ M(B), and suppose that 3 holds. As in
1⇒2, we can find (g, I, α¯) ∈ Yk and xi,j ∈ B(g, I, i, j) such that x =
∑
i,j xi,j . Let
yi,j = α
i,j(Φg,I(xi,j)). By definition of X we have that Λ(πA(xi,j)) = πB(yi,j) for
all i, j, and by 3 we have that πB(y) = πB(
∑
i,j yi,j), hence Λ(πA(x)) = πB(y),
which is 1. 
Proof of Theorem A. Condition 2 defines an analytic set. Condition 3 defines a
coanalytic one, so ΓΛ restricted to pairs of contractions is Borel, and therefore Λ is
trivial. 
4. Rigidity results
In this section we work with a simplified version of X to prove a rigidity result
for subalgebras of corona C∗-algebras that resemble reduced products. This will
then lead to the proof of Theorems B–E.
Let Jn ⊆ N be finite intervals such that max Jn + 6 < min Jn+1, and fix I ∈ P
such that Ie2n = Jn. Let
X1 = {(g, α0) : ∃α1, α2, α3((g, I, α0, α1, α2, α3) ∈ X )},
and consider the colouring [X1]2 = Kn0 ∪ Kn1 where {(g, α), (g, α′)} ∈ Kn0 if and
only if there are m ∈ N and a contraction x ∈ Um,g(m) ∩ Um,g′(m) ∩ Jm such that∥∥∥α(Φe,0g,I (x))− α′(Φe,0g′,I(x))∥∥∥ > 2−n.
Claim 4.1. If b > ω1, then for all n there is no K
n
0 -homogeneous set.
Proof. If Z1 ⊆ X1, let Z = {(g, I, α¯) : (g, αe,0) ∈ Z1}. If Z1 is uncountable and
Kn0 -homogeneous, then Z is uncountable and L
n
0 -homogeneous. This contradicts
Lemma 3.10. 
For n ∈ N, define the partial order <n on NN by
g ≤n g′ ⇐⇒ ∀m ≥ n(g(m) ≤ g′(m)).
Since ≤∗ is σ-directed, and ≤∗-cofinal sets must be ≤n-cofinal for some n ∈ N, using
the argument reproduced in [9, Lemma 2.2.2], we can find an increasing sequence
{nk} ⊆ N and sets Yk with the following properties:
• Y0 ⊇ Y1 ⊇ · · · ;
• Yk is Kk1 -homogeneous and the set {g : ∃α0((g, α0) ∈ Yk)} is ≤nk -cofinal.
For all n with nk ≤ n < nk+1, pick a sequence of function gi,n such that there
are α(i, n) with (gi,n, α(i, n)) ∈ Yk and gi,n(n) → ∞ as i → ∞. For a contraction
x ∈ AJn , let m(x) = min{m : x ∈ Un,m} and i¯(x) = min{i : gi,n(n) ≥ m(x)}.
Define a map
γn : AJn → rJnBrJn ,
by
γn(x) = α(¯i(x), n) ◦ Φe,0gi¯(x),n,I(x)
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If x ∈ AJn is such that ‖x‖ > 1 let γn(x) = ‖x‖ γn(x/ ‖x‖). Define Γ =
∑
γn :
∏
AJn →
M(B). Since γnγm = 0 whenever n 6= m and for each n we have that ‖γn‖ ≤ 2, Γ
is well defined.
Lemma 4.2. Let Z ⊆∏AJn be of size ℵ1. Then there is a nonmeager dense ideal
I such that
πB(Γ(xS)) = Λ(πA(xS))
for every x ∈ Z and S ∈ I .
Proof. For every x ∈ Z, let
Ix = {S ⊆ N : πB(Γ(xS)) = Λ(πA(xS))}.
Since b > ω1 and by ≤∗-cofinality of Yk, for all k we can find gk and βk such that
(gk, βk) ∈ Yk and πA(x) ∈ πA(B(gk, I, e, 0)) for all x ∈ Z. By modifying x on
finitely many coordinates we can assume that x ∈ B(gk, I, e, 0). Fix nonmeager
dense ideals Ik = Igk,I,βk,e,0 as in the definition of X and let I =
⋂
Ik, and note
that Ix ⊇ I . Since |Z| = ℵ1 and b > ω1, we have that
⋂
Z Ix is nonmeager and
dense. This concludes the proof. 
If Λ is an isomorphism, then each Ik = P(N), and therefore Γ is a lift of Λ on∏
AJn . Recall the definition of ǫ-
∗-homomorphism given in §2. From Lemma 4.2
and Proposition 2.11 are have the following.
Theorem 4.3. Assume OCA∞+MAℵ1 and let Λ: Q(A)→ Q(B) be a ∗-homomorphism.
Let {eBn } be an approximate identity of positive contractions for B with eBn+1eBn =
eBn for all n and let {en} be an approximate identity for A satisfying Notation 3.3
for Λ. Let Jn be finite intervals with max Jn + 6 < min Jn+1. Then there is a
sequence ǫn with ǫn → 0 as n→∞ and a sequence of mutually orthogonal maps
γn : AJn → (eBkn − eBjn)B(eBkn − eBjn)
for some jn < kn ∈ N where jn →∞ as n→∞, each γn is an ǫn-∗-homomorphism.
If Λ is injective, each γn is ǫn-injective. If Λ is an isomorphism, Γ =
∑
γn is a lift
of Λ on
∏
AJn.
The rest of the section is dedicated to show several consequences of Theorem 4.3.
4.1. The proof of Theorems B and E. We fix second countable locally compact
spaces X and Y and an injective unital ∗-homomorphism Λ: C(X∗)→ C(Y ∗). We
denote by πX : Cb(X) → C(X∗) the canonical quotient map (similarly we define
πY ) and we let Λ˜ : Y
∗ → X∗ be the continuous surjection dual to Λ. Fix {eYn } an
approximate identity of positive contractions for C0(Y ) satisfying e
Y
n+1e
Y
n = e
Y
n for
all n. Since supp eYn ⊆ (eYn+1)−1({1}), supp(eYn ) is compact for all n.
Let {en} ⊆ C0(X) be an approximate identity satisfying Notation 3.3 for Λ. Let
Uen = supp(e16n+8 − e16n), and Uon = supp(e16n+17 − e16n+7).
Each Uen and U
o
n is open,
Uon ⊆ Uon ∪ Uen ∪ Uen+1 and Uen ⊆ Uen ∪ Uon ∪ Uon−1.
For i ∈ {e, o}, ∏C0(U in) and ∏C0(U in)/⊕C0(U in) are hereditary C∗-subalgebras
of Cb(X) and C(X
∗) respectively.6
6This is only true in the commutative setting. For example, the canonical copy of ℓ∞/c0 is
not an hereditary C∗-subalgebra of the Calkin algebra, being unital.
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Lemma 4.4. Cb(X) =
∏
C0(U
e
n) +
∏
C0(U
o
n).
Proof. Let Kn = supp(en). Let h
e
n be a positive contraction with
hen(K16n) = h
e
n(X \ int(K16n+8)) = 0 and hen(K16n+7 \ int(K16n+1)) = 1,
and hon be a positive contraction with
hon(K16n+1) = f(X \ int(K16n+7)) = 0, hon(K16(n+1) \ int(K16n+8)) = 1
and
hon(x) = 1− hen(x) for x ∈ K16n+8 \ int(K16n+7),
hon(x) = 1− hen+1(x) for x ∈ K16n+17 \ int(K16(n+1)).
Then for all h ∈ Cb(X) we have that
h =
∑
henh+
∑
honh,
∑
henh ∈
∏
C0(U
e
n) and
∑
honh ∈
∏
C0(U
o
n). 
By applying Theorem 4.3 to J0n = [16n + 1, 16n+ 8] and then to J
1
n = [16n +
8, 16n+17], we obtain maps Φi =
∑
φin :
∏
C0(U
i
n)→ Cb(Y ) where φin : C0(U in)→
C0(Y ). If Λ is an isomorphism, then
πY (Φ
i(f)) = Λ(πX(f))
for all f ∈∏C0(U in) and i ∈ {e, o}.
Recall that if n 6= m then φinφim = 0. Let rin be the positive contractions such
that the range of φin is included in r
i
nC0(Y ) as in Notation 3.3. Since r
i
n ≤ (eYkn−eYjn)
for some jn < kn, the set W
i
n = supp r
i
n has compact closure for all n ∈ N and
i ∈ {e, o}. Since φin is an ǫn-∗-monomorphism for some sequence ǫn → 0, by
Theorem 2.12 there are ∗-homomorphisms ψin : Co(U
i
n)→ rinC0(Y ) ∼= C0(W in) such
that
∥∥ψin − φin∥∥ → 0 as n → ∞. For a large enough n we have that each ψin is
injective, being close to a ǫn-monomorphism whenever ǫn <
1
4 . In case Λ is an
isomorphism, as
∥∥ψin − φin∥∥→ 0 if n→∞, the ∗-homomorphism
Ψi =
∑
ψin
is such that
πY (Ψ
i(f)) = Λ(πX(f))
for all f ∈∏C0(U in).
Let V in =
⋃
f∈Uin
supp(ψin(f)) and B
i
n = C0(V
i
n). Then
Ψi ◦ πX :
∏
C0(U
i
n)/
⊕
C0(U
i
n)→
∏
Bin/
⊕
Bin
is an embedding, and moreover each ψin sends an approximate identity for C0(U
i
n)
to an approximate identity for Bin, and so there exist continuous proper surjections
γin : V
i
n → U in dual to ψin. γen and γon are defined for all but finitely n.
Lemma 4.5. There is n0 ∈ N such that if n,m ≥ n0 then γen and γom agree on
common domains.
Proof. First, note that the V en and V
o
m intersect if and only if m = n or m = n+1.
This is because C0(U
e
n)C0(U
o
m) 6= 0 if and only if m = n or m = n + 1. Let
Jn = V
e
n ∩ V on , and suppose that for infinitely many n there is yn ∈ Jn such that
xn = γ
e
n(yn) 6= γon(yn) = zn.
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Since for every compact set K ⊆ X there is n0 such that K ∩ U in = ∅ whenever
n ≥ n0, the sequences {xn} and {zn} have no accumulation point. Find open sets
Zn,1, Zn,2 ⊆ Uen ∩ Uon such that xn ∈ Zn,1, zn ∈ Zn,2 and Zn,1 ∩ Zn,2 = ∅. Since
Zn,1, Zn,2 ⊆ Uen, we have that⋃
n
Zn,1 ∩
⋃
n
Zn,2 =
⋃
n
Zn,1 ∩
⋃
n
Zn,2 = ∅.
Let fn, gn be positive contractions such that
supp(fn), supp(gn) ⊆ Uen ∩ Uon, fngn = 0 and fn ↾ Zn,1 = gn ↾ Zn,2 = 1.
Let f =
∑
fn and g =
∑
gn. Note that fg = 0. Moreover since fngm = 0 whenever
n 6= m, we have that (∑n∈S fn)(∑n∈S gn) = 0 for all S ⊆ N.
Let f ′n = ψ
e
n(fn) and g
′
n = ψ
o
n(gn). With f
′ =
∑
f ′n and g
′ =
∑
g′n we have that
f ′g′(yn) = f
′
ng
′
n = 1, and therefore for all S ⊆ N we have that∥∥∥∥∥(
∑
n∈S
f ′n)(
∑
n∈S
g′n)
∥∥∥∥∥ =
∥∥∥∥∥
∑
n∈S
f ′ng
′
n
∥∥∥∥∥ = 1.
By Lemma 4.2 there is S ⊆ N such that
πY (
∑
n∈S
f ′n) = Λ(πX(
∑
n∈S
fn)) and πY (
∑
n∈S
g′n) = Λ(πX(
∑
n∈S
gn)).
In particular we have
0 =
∥∥∥∥∥Λ(πX((
∑
n∈S
fn)(
∑
n∈S
gn)))
∥∥∥∥∥ =
∥∥∥∥∥πY ((
∑
n∈S
f ′n)(
∑
n∈S
g′n)
∥∥∥∥∥ = 1,
a contradiction

We are ready to prove our main results. Fix n0 as provided by the Lemma. Then
Γ =
⋃
n≥n0
(γen) ∪
⋃
n≥n0
(γon)
is a continuous surjection from a subset of Y to a cocompact subset of X . Note
that since for all n we have that
Uen ⊆ Uon−1 ∪ Uen ∪ Uon and Uon ⊆ Uen ∪ Uon ∪ Uen+1,
we have that for n ≥ n0 + 1,
V en ⊆ V on−1 ∪ V en ∪ V on and V on ⊆ V en ∪ V on ∪ V en+1.
In particular
Z = (
⋃
V en ) ∪ (
⋃
V en ) =
⋃
V en ∪
⋃
V on
is equal, modulo compact, to
⋃
V en ∪
⋃
V on . Hence Z is clopen modulo compact.
Proof of Theorem E. Note that since Z is clopen modulo compact, Z∗ is clopen
in Y ∗. (In case Y ∗ is connected, we have that Z∗ = Y ∗). The map Γ is then a
continuous surjection from a clopen modulo compact subspace of Y to a cocompact
subspace of X , as required by the thesis. 
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Remark 4.6. In [9, Example 3.2.1] Farah provided an example, in ZFC, of an injec-
tive unital ∗-homomorphism ℓ∞/c0 → ℓ∞/c0 that cannot be lifted to an asymptot-
ically additive unital map. Such an obstruction can be modified to provide higher
dimensional examples. For this reason, we cannot ask in the thesis of Theorem E
for the set Z to be equal (modulo compact) to Y , unless Y ∗ is connected.
The study of similar phaenomena in the noncommutative setting can be applied
to the study of endomorphisms of the Calkin algebra. Farah conjectured 7 that
under Forcing Axioms all endomorphisms of Q(H) are of the form Ad(u)◦ ιn where
ιn : Q(H) → Mn(Q(H)) is the endormorphism of Q(H) mapping a to the diago-
nal matrix (a, a, . . . , a). (Note that Forcing Axioms are needed, as [12, Corollary
3.7] can be applied to construct under CH an endomorphism of Q(H) sending an
operator of Fredholm index one to an operator of zero Fredholm index). Showing
that Example 3.2.1 in [9] does not have a correspondent in the setting of the Calkin
algebra would confirm the conjecture.
For the proof of Theorem B we need a couple of lemmas exploiting additional
properties of Γ in case Λ is an isomorphism.
Lemma 4.7. Suppose that Λ is an isomorphism. Then for almost all n ∈ N we
have that the image of ψin is equal to B
i
n.
Proof. Since V in =
⋃
f∈C0(Uin)
supp(f), it is enough to show that the image of ψin is
hereditary8. We argue by contradiction. Let Cin = ψ
i
n(C0(U
i
n)). Fix i and assume
that Cin is not hereditary for infinitely many n. Then there are positive contractions
f˜n and g˜n ∈ Cin with f˜n ≤ g˜n and inf g˜∈Cin
∥∥∥f˜n − g˜∥∥∥ = 1.
Since CinC
i
m = 0 when n 6= m, f˜ =
∑
f˜n and g˜ =
∑
g˜n are well defined.
On the other hand πY (f˜) ≤ πY (g˜), but πY (f˜) /∈
∏
Cin/
⊕
Cin, a contradiction to∏
Cin/
⊕
Cin being hereditary (as it is the isomorphic image, through Λ, of the
hereditary C∗-algebra
∏
C0(U
i
n)/
⊕
C0(U
i
n)). 
Lemma 4.8. Suppose that Λ is an isomorphism. Then Y \ Z is compact.
Proof. Let {yn} be a sequence of points such that {yn} → ∞ as n → ∞ with
yn /∈ Z. Since Z is closed, for almost all n there is an open set Zn with yn ∈ Zn
and Zn ∩ Z = ∅. Since {yn} has no accumulation points in Y , we can assume that
Zn ∩ Zm = ∅. Pick a contraction gn ∈ C0(Zn), and let g =
∑
gn ∈ Cb(Y ). Since
the support of g is disjoint from Z we have that for all i ∈ {e, o}, πY (g)Λ(f) = 0
whenever f ∈∏C0(U in)/⊕C0(U in), and therefore πY (g)Λ(f) = 0 whenever
f ∈
∏
C0(U
e
n)/
⊕
C0(U
e
n) +
∏
C0(U
o
n)/
⊕
C0(U
o
n) = C(X
∗).
This is a contradiction. 
Proof of Theorem B. Both domain and range of Γ are cocompact and Γ∗ = Λ−1.
This is the thesis. 
7Private communication
8For C∗-algebras A ⊆ B, A is hereditary in B if for all positive a ∈ A, if b ≤ a and b is positive,
then b ∈ A.
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4.1.1. A second proof of Theorem B. We shortly provide a second line of attack for
Theorem B. For a homeomorphism Λ∗ : X∗ → Y ∗, we say that Λ∗ has a represen-
tation if for all closed b ⊆ X there is a closed c ⊆ Y such that Λ∗(b∗) = b∗. This
definition is due to Farah and Shelah. They proved in [14] that, under PFA, if both
Λ∗ and (Λ∗)−1 have a representation, then Λ∗ is trivial. This notion can be relaxed
to the definition of local representation. Let
D(X) = {a ⊆ X : a is closed countable and discrete}.
Elements of D(X) are closed copies of N inside X . We say that Λ∗ has a local
representation if for every a ∈ D(X) there is b ∈ D(Y ) such that Λ∗(a∗) = b∗. An
almost trivial modification of Farah and Shelah’s proof of [14, Theorem 5.1] shows
that the assumption that Λ∗ and (Λ∗)−1 both have local representation is enough,
under PFA to obtain triviality for Λ∗. Theorem 4.3 can be used to show that all
homeomorphisms have local representations. Let
U(X) = {{Un} : Un ⊆ X is open, has compact closure,
Un ∩ Um = ∅ for n 6= m and if xn ∈ Un then {xn} ∈ D(X)}.
When writing {Un} ∈ U(X) we always mean that the Un’s are as in the definition.
If {Un} ∈ U(X), using the metrizability of X , we can choose an approximate
identity en for C0(X) such that en+1en = en for all n and Un ⊆ supp(e3n− e3n−1).
Combining Theorems 4.3 and 2.12 and the reasoning in Lemma 4.7, we get the
following result.
Theorem 4.9. Assume OCA∞+MAℵ1 , let Λ: C(X
∗)→ C(Y ∗) be an isomorphism
and let {Un} ∈ U(X). Then there are n0 ∈ N, open subsets Vn ⊆ Y such that
{Vn} ∈ U(Y ) and ∗-homomorphisms φn : C0(Un) → C0(Vn) such that
∏
φn is a
lift for Λ on
∏
C0(Un) and φn is an isomorphism for all n ≥ n0. In particular
Λ∗ : Y ∗ → X∗, the homeomorphism dual to Λ, has a local representation.
4.2. The proof of Theorem C. One of the main consequences of Johnson-
Parrott’s theorem is that the canonical copy of ℓ∞/c0 in the Calkin algebra is a
masa (maximal abelian subalgebra). The following generalizes this fact to coronas
of stabilizations of unital C∗-algebras.
Lemma 4.10. Let A be a C∗-algebra with an increasing approximate identity of
projections pn, and let qS =
∑
n∈S(pn−pn−1) ∈M(A) for S ⊆ N. If a positive p ∈
Q(A) commutes with πA(qS) for all S ⊆ N then there is a positive q =
∑
n q{n}qq{n}
such that πA(q) = p.
Proof. Let q′ be such that πA(q
′) = p.
Claim 4.11. For every ǫ > 0 there is n0 such that if F ⊆ N is finite and minF > n0
then ‖q′qF − qF q′‖ < ǫ.
Proof. By contradiction fix ǫ > 0 and a sequence Fn with maxFn < minFn+1 such
that ‖q′qFn − qFnq′‖ ≥ ǫ for all n. Since q′qFn − qFnq′ ∈ A, there is a finite Jn ⊆ N
with Fn ⊆ Jn and ‖qJnq′qFn − q′qFn‖ , ‖qFnq′ − qFnq′qJn‖ < 2−n. Note that Jn can
be chosen so that min Jn →∞ as n→∞, and that
‖qJnq′qFnqJn − qJnqFnq′qJn‖ > ǫ/2.
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By passing to a subsequence we can assume that maxJn + 1 < min Jn+1. Let
G =
⋃
Fn. Then
πA(qGq
′ − q′qG) = πA(
∑
n
(qJnqFnq
′qJn − qJnq′qFnqJn))
Since when n 6= m we have Jn ∩ Jm = ∅, then
‖πA(qGq′ − q′qG)‖ = lim sup
n
‖qJnqFnq′qJn − qJnq′qFnqJn‖ > ǫ/2,
a contradiction. 
Using [27, Lemma 2.6] we can find J = 〈Jn : n ∈ N〉, a partition of N into finite
interval, such that q′ − q′0 − q′1 where
q′0 =
∑
n
(qJ2nq
′qJ2n + qJ2n+1q
′qJ2n + qJ2nq
′qJ2n+1)
and
q′1 =
∑
(qJ2n+1q
′qJ2n+1 + qJ2n+2q
′qJ2n+1 + qJ2n+1q
′qJ2n+2).
Claim 4.12. q′ −∑n qJnq′qJn ∈ A.
Proof. Let sn = qJ2n+1q
′qJ2n + qJ2nq
′qJ2n+1 . Then snsm = 0 when n 6= m, so
‖πA(
∑
sn)‖ = lim sup ‖sn‖. As min Jn →∞ when n→∞, we have that ‖sn‖ → 0
as n→∞ by Claim 4.11. This shows that ∥∥πA(∑n(qJ2n+1q′qJ2n + qJ2nq′qJ2n+1))∥∥ =
0. A similar argument shows that
∥∥πA(qJ2n+2q′qJ2n+1 + qJ2n+1q′qJ2n+2)∥∥ = 0, and
therefore q′0 −
∑
n qJ2nq
′qJ2n ∈ A, and q′1 −
∑
n qJ2n+1q
′qJ2n+1 ∈ A. 
We want to show that∑
n
qJnq
′qJn −
∑
n
∑
i∈Jn
q{i}q
′q{i} ∈ A.
Note that∥∥∥∥∥πA(
∑
n
qJnq
′qJn −
∑
n
∑
i∈Jn
q{i}q
′q{i})
∥∥∥∥∥ = lim supn
∥∥∥∥∥qJnq′qJn −
∑
i∈Jn
q{i}q
′q{i}
∥∥∥∥∥
since qJnqJm = 0 whenever n 6= m. Suppose then that for infinitely many n we
have ∥∥∥∥∥qJnq′qJn −
∑
i∈Jn
q{i}q
′q{i}
∥∥∥∥∥ > ǫ/2.
Since qJnq
′qJn −
∑
i∈Jn
q{i}q
′q{i} =
∑
i,j∈Jn,i6=j
q{i}q
′q{j}, we can find a nonempty
Gn ⊆ Jn such that
∥∥qGnq′qJn\Gn∥∥ > ǫ/8. Let n0 be as given by Claim 4.11 for
ǫ/32. Then ∥∥qGnq′qJn\Gn∥∥ ≤ ǫ/32 + ∥∥q′qGnqJn\Gn∥∥ = ǫ/32,
a contradiction.

A projection p in a C∗-algebra A is abelian if pAp is abelian.
Proposition 4.13. Let X be a connected compact space and let n ∈ N. Let p ∈
Mn(C(X)) be a projection. The following are equivalent
1. p is abelian,
2. pMn(C(X))p ∼= C(X),
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3. pMn(C(X))p is projectionless.
Proof. By identifyingMn(C(X)) with the algebra of continuous functionsX →Mn,
we can see that p is abelian if and only if p(x) is rank 1 for all x ∈ X , which in
turn is true if and only if pMn(C(X))p is projectionless, as X is connected, so 1
and 3 are equivalent. For 1 implies 2, note that the function C(X)→ pMn(C(X))p
given by f 7→ (f(x)p(x))x∈X provides the necessary isomorphism. Since 2 implies
1 is obvious, the proof is complete. 
Let {pn} be an increasing approximate identity of projections for K such that
pn − pn−1 is an abelian projection in K. If A is a unital C∗-algebra, then 1A ⊗ pn
is an approximate identity of projections for A⊗K. If S ⊆ N, let qS =
∑
n∈S(1A⊗
(pn − pn−1)) ∈M(A⊗K).
Proof of Theorem C. Fix compact connected metrizable spaces X and Y and let
A = C(X)⊗K and B = C(Y )⊗K. Let πA (similarly πB) be the canonical quotient
map M(A) → Q(A). For S ⊆ N, let qAS and qBS be as above. Let In = [3n, 3n +
3). By Theorem 4.3 we can find orthogonal maps φn : q
A
[12n,12n+6)Aq
A
[12n,12n+6) →
B such that each φn is an ǫn-monomorphism where ǫn → 0 as n → ∞. The
range of each φn is included in q
B
Jn
BqBJn
∼= M|Jn|(C(Y )) for some finite Jn. By
passing to a subsequence we can assume that max Jn < min Jn+1 for all n. Note
that φn(q
A
{12n}) is an almost projection, and we can find rn ∈ qBJnBqBJn such that∥∥∥rn − φn(qA{12n})∥∥∥→ 0.
Claim 4.14. rn is an abelian projection for almost n.
Proof. Suppose not. Let {nk} be an infinite set such that rnkBrnk has a nontrivial
projection qk < rnk . Then Λ
−1(πB(
∑
qk)) 6= πA(qAS ) for all S ⊆ N, but it commutes
with {πA(qAS ) : S ⊆ N}. Let p′ ∈ M(A) such that πA(p′) = Λ−1(πB(
∑
qk)). By
Lemma 4.10, we can assume that p′ =
∑
qA{n}p
′qA{n}. Since πA(p
′) is a projection,
qA{n}p
′qA{n} is an ǫn-projection for a sequence ǫn → 0. By modifying every qA{n}p′qA{n},
we can assume that p′ is a projection. Since X is connected, there is T such that
p = qAT , a contradiction. 
The map φ′n : q
A
{12n}Aq
A
{12n} → rnBrn given by φ′n(f) = rnφn(f)rn is a 2ǫn-∗-
monomorphism. Since the domain of φ′n is isomorphic to C(X), and the codomain
is isomorphic to C(Y ), by Theorem 2.12 we can find a (necessarily unital) injective
∗-homomorphism φ˜n : q
A
{12n}Aq
A
{12n} → rnBrn such that
∥∥∥φ′n − φ˜′n∥∥∥→ 0 as n→ 0.
As
∥∥∥φ′n − φn ↾ qA{12n}AqA{12n}∥∥∥ → 0, we have that Φ˜ = ∑ φ˜n is a lift of Λ on∏
qA{12n}Aq
A
{12n}.
Claim 4.15. There is n0 such that φ˜n is surjective for all n ≥ n0.
Proof. If not, for infinitely many n there are positive contractions cn ∈ rnBrn such
that the distance between cn and the image of φ˜n(q
A
{12n}Aq
A
{12n}) is 1. The element
Λ−1(c) then is commuting with πA(q
A
S ) for all S ⊆ N, but by Lemma 4.10, it cannot
be the πA-image of d where d = q
A
{n}Aq
A
{n}, a contradiction. 
For n ≥ n0 as in the claim, φ˜n is an isomorphism between qA{n}AqA{n} ∼= C(X)
and rnBrn ∼= C(Y ). This is the thesis. 
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4.3. The proof of Theorem D. Let P be a property of C∗-algebras. A nonunital
C∗-algebra A has property P at infinity if there is {en}, an approximate identity
of positive contractions for A with en+1en = en for all n and such that there is n0
with the property that (em − en)A(em − en) has property P whenever n0 ≤ n,m.
P is said preserved under almost (unital) inclusions if there is ǫ > 0 such that
whenever A has property P and φ : A→ B is a (unital) ǫ-monomorphism, then B
has property P .
Typical examples of properties we consider are
• “being infinite dimensional”. This property is preserved under almost inclu-
sions.
• “being infinite”. A C∗-algebra A is infinite if there are projections p < q ∈ A
and a partial isometry such that vv∗ = p and v∗v = q. This property is
preserved under almost inclusions
Clearly, any property which is preserved under almost inclusions is preserved under
inclusions. If A is unital then A ⊗K and c0(A) are infinite dimensional at infinity
if and only if A is infinite-dimensional. A⊗K is stably-finite at infinite if and only
if A is stably finite.
Theorem 4.16. Assume OCA∞ +MAℵ1 and let A and B be separable nonunital
C∗-algebras. Suppose that ¬P is a property which is preserved under almost inclu-
sions and that Q(A) embeds into Q(B). If B has property P at infinity, so does
A.
Proof. We argue by contradiction, by fixing an embedding Λ: Q(A)→ Q(B). Fix
{eBn }, an approximate identity for B with the property that there is n0 such that
(eBm − eBn )B(eBm − eBn ) has property P whenever n0 ≤ n < m.
Let {en} be an approximate identity for A and suppose that A[jn,kn] = (ekn −
ejn)A(ekn − ejn) does not have property P for two sequences such that jn < kn <
jn+1. By passing to a coarser approximate identity as in Notation 3.3 and using
that ¬P is preserved under almost inclusions, by going to a subsequence we can
assume that there are disjoint finite intervals In and Jn and maps γn : AIn → BJn
such that each γn is a 2
−n-monomorphism, where each AIn has property ¬P . Since
¬P is preserved under almost inclusion, there is n0 such that BJn has property ¬P
for n ≥ n0. Since min Jn →∞ as n→∞ we have a contradiction. 
Proof of Theorem D. Under CH, [12, Corollary 3.7] asserts that if A and B are
unital and separable, then Q(A ⊗ K) embeds unitally into Q(B ⊗ K), hence both
(i) and (ii) are consistent with ZFC.
For the opposite direction, note that K is finite-dimensional at infinity, that being
infinite dimensional is preserved under almost inclusions and that if A is unital,
A⊗K and c0(A) are finite-dimensional at infinity only if A is finite-dimensional. By
Theorem 4.16, when OCA∞ and MAℵ1 are assumed, Q(A ⊗ K) and ℓ∞(A)/c0(A)
embed into Q(H) only when A ⊗ K and c0(A) are finite-dimensional at infinity.
In particular OCA∞ + MAℵ1 implies the negation of (i). (The same argument
shows that, if An are unital C
∗-algebras, then
∏
An/
⊕
An embeds into the Calkin
algebra, or into
∏
Mnk/
⊕
Mnk whenever nk ∈ N, only if An is finite-dimensional
for almost all n ∈ N.)
Note that “being infinite” is preserved under almost inclusions, and that A⊗K
is finite at infinity only if A is stably finite. OCA∞ and MAℵ1 , via Theorem 4.16,
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imply that, if A and B are unital and separable and B is stably finite, Q(A ⊗ K)
embeds into Q(B ⊗K) only if A is stably finite. This is the negation of (ii). 
4.4. Reduced products. A projection p in a C∗-algebra A is central if it com-
mutes with A. If An are unital C
∗-algebras and S ⊆ N, let pS ∈
∏
An be the
central projection defined as
(pS)n =
{
1An n ∈ S
0 else
.
Since all projections in a C∗-algebra are either central or there is a contraction
a with ‖pa− ap‖ ≥ 12 ([36, Proposition 2.2.5]), in case each An does not have
central projections, then the set of central projections in
∏
An/
⊕
An is formed by
the images of {pS : S ⊆ N}, and it is isomorphic to ℓ∞/c0. When An and Bn are
unital C∗-algebras with no central projections, an isomorphism Λ:
∏
An/
⊕
An →∏
Bn/
⊕
Bn induces an automorphism of ℓ∞/c0, which, under Forcing Axioms, is
induced by an almost permutation of N. Combining the techniques in §3.2 and in
[27, §6], we can remove the metric approximation property from the hypotheses of
[27, Theorem 6.1].
Theorem 4.17. Assume OCA∞+MAℵ1 , and let An and Bn be unital separable C
∗-
algebras with no central projections. Suppose that Λ:
∏
An/
⊕
An →
∏
Bn/
⊕
Bn
is an isomorphism. Then there are finite sets F1, F2 ⊆ N, a bijection f : N \ F1 →
N \ F2, maps φn : An → Bf(n) and a descending sequence ǫn → 0 such that
• ∏φn lifts Λ,
• φn is an ǫn-∗-isomorphism.
5. Concluding remarks
The following is Conjecture 9.1 in [27]:
Conjecture 5.1. Assume OCA∞ + MAℵ1 and let A and B be unital separable
C∗-algebras. Then Q(A⊗K) ∼= Q(B ⊗K) if and only if A⊗K ∼= B ⊗K.
Theorem C confirms the conjecture when A and B are abelian projectionless
algebras. Certain instances of the conjecture follow from classification methods in
ZFC. The following is [1, Proposition 12.2.1].
Proposition 5.2. Let A be a separable unital C∗-algebra. Then K∗(M(A⊗K)) =
0. So K∗(Q(A⊗K)) = K1−∗(A).
The second statement is obtained by the six-term exact sequence of K-groups.
The conjecture is then confirmed in ZFC in case both A and B belong to a class of
C∗-algebras classified by K-theory, e.g. the class of unital separable purely infinite
simple nuclear algebras satisfying the Universal Coefficient Theorem (see [22]), or
the class of unital separable UHF algebras (see [7, Theorem 1]).
In case there is no classification result at hand, we have only Theorem 4.3. It
asserts that, under OCA∞+MAℵ1 , if A and B are unital and separable and Q(A⊗
K) ∼= Q(B ⊗ K), then A approximately embeds (better and better) into a corner
of Mn(B) (the index n grows as a better approximate embeddings are required).
Confirming Conjecture 5.1 is therefore strictly tied to the study of approximate
isomorphisms, and to whether an answer to the following question can be given
(recall the definition of ǫ-∗-isomorphism from §2.3).
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Question 1. Let A and B be unital separable C∗-algebras. Suppose that for every
ǫ > 0 there is an ǫ-isomorphism φǫ : A→ B. Are A and B necessarily isomorphic?
A positive answer is known if A is in addition AF, by combining Ulam stability
results ([26, Corollary 3.2]) and perturbation results in Kadison-Kastler metric9 ([4,
Theorem A]). As both the results of [4] and the perturbation results of Johnson
([21, Theorem 7.2]) apply to the class of nuclear C∗-algebras, we expect a positive
answer whenever A and B are nuclear. Differently from the case of Kadison-Kastler
perturbation theory we do not know whether, if A and B are as in question and A
is nuclear, B must necessarily be nuclear. A positive answer to Question 1 would
bring us beyond Conjecture 5.1, and lead to structurally strong rigidity results for
automorphisms of corona algebras in presence of Forcing Axioms.
Similar perturbation problems can be stated for approximate embeddings, and
lead to the following:
Conjecture 5.3. Assume OCA∞+MAℵ1 and let A and B be unital C
∗-algebras.
Then Q(A ⊗ K) embeds into Q(B ⊗ K) if and only if A embeds into Mn(B), for
some n.
The study of Conjecture 5.3 relates once again to Kadison-Kastler proximity.
Given a C∗-algebra A, we may ask whether the property of ‘admitting a (unital)
embedding of A’ is preserved under almost inclusions. This is true if A is finite-
dimensional, and more generally if A can be written as the universal C∗-algebra
given by finitely many weakly stable relations (see [24]). (Examples of these are
the dimension drop algebras Zp,q). This is, on the other hand, open for some of
the most relevant stably finite algebras, such as Jiang and Su’s Z ([20]). It is
known that Z is universal ([18]), but since it is not weakly semiprojective, a finite
set of weakly stable relations cannot be found. Again, if one works in Kadison-
Kastler perturbation theory, it is known (see [17, Theorem 2.3]) that if A and B
are separable C∗-algebras on the same Hilbert space, and A is nuclear, then the
fact that the unit ball of A is ǫ-contained in the unit ball of B for a sufficiently
small ǫ (independent of A and B) is enough to prove that A embeds into B.
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